"Magnetic monopole" is an exotic quantum excitation in pyrochlore U(1) spin liquid, and its emergence is purely of quantum origin and has no classical analogue. We predict topological thermal Hall effect (TTHE) of "magnetic monopoles" and present this prediction through non-Kramers doublets. We observe that, when the external magnetic field polarizes the Ising component of the local moment, internally this corresponds to the induction of emergent dual U(1) gauge flux for the "magnetic monopoles". The motion of "magnetic monopoles" is then twisted by the induced dual gauge flux. This emergent Lorentz force on "magnetic monopoles" is the fundamental origin of TTHE. Therefore, TTHE would be a direct evidence of the "monopole"-gauge coupling and the emergent U(1) gauge structure in pyrochlore U(1) spin liquid. Our result does not depend strongly on our choice of non-Kramers doublets for our presentation, and can be well extended to Kramers doublets. Our prediction can be readily tested among the pyrochlore spin liquid candidate materials. We give a detailed discussion about the expectation for different pyrochlore magnets.
I. INTRODUCTION
Emergent gauge structure and theory comprise an important subject in modern condensed matter physics, particularly for strongly correlated quantum matter 1 . It is this theory that underlies the unified gauge theory description of fractional quantum Hall effect and quantum spin liquids (QSLs) 1 . While the understanding of fractional quantum Hall effect does not initially rely on the introduction of the Chern-Simons gauge theory 2 , the modern understanding of QSLs has been greatly advanced by various lattice gauge theories 3 . To confirm QSLs in a realistic quantum material, one has to establish the presence of the emergent gauge structure and the associated fractionalized quantum particles. This requires a mutual feedback between theories and experiments. More precisely, one needs to understand how the emergent gauge structure manifests itself in the actual experimental observables. In a more progressive manner, it would be beneficial to provide some level of controllability or prediction of these emergent phenomena from the understanding of the relationship between the microscopic physics and the emergent gauge structure. In this effort, some of us have proposed ways to control the spinon band structure and then the spinon continuum in the inelastic neutron scattering measurement for several QSL candidates 4-7 such as Ce 2 Sn 2 O 7 , Ce 2 Zr 2 O 7 and YbMgGaO 4 8-16 . Two of us further have suggested the origin of the emergent Lorentz force from Dzyaloshinskii-Moriya interaction for the spinons as the source of topological thermal Hall conductivity in the strong Mott insulating QSLs 17 . Here, we turn our attention to the pyrochlore U(1) QSL.
The pyrochlore U(1) QSL is described by the emergent compact U(1) lattice gauge theory, and supports the gapless U(1) gauge photon, gapped spinon and "magnetic monopole" as its elementary excitations 18 . Many pyrochlore materials 19 , mainly the rare-earth pyrochlores 3, [20] [21] [22] [23] [24] , have been proposed as candidates to realize this U(1) QSL 3 . Although many interesting experimental signatures have been suggested, the firm establishment of pyrochlore U(1) QSL has not yet been settled down for any material. In this paper, we develop a theory to predict the phenomenon of the topological thermal Hall effect (TTHE) in the pyrochlore U(1) QSL and propose it as a positive evidence of the emergent U(1) gauge structure. Our observation stems from the physical meaning of the spin variables in the U(1) QSL. It is observed that, the Ising component of the spin works as an emergent electric field in the U(1) lattice gauge theory. From the view of the dual gauge theory, this emergent ) Schematic picture of the thermal Hall effect from the "magnetic monopoles" on the dual diamond lattice of the pyrochlore U(1) QSL, where the heat current "J" has contributions from all mobile excitations. We single out the "magnetic monopoles" (in green) that are suggested to contribute to the thermal Hall effect in this work.
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and internal electric field behaves as a dual U(1) gauge flux for the "magnetic monopoles". The external magnetic field, that couples linearly with the spins through a simple Zeeman coupling, polarizes the internal electric field and thereby modifies the dual U(1) gauge flux that is experienced by the "magnetic monopoles". This coupling between the internal variable and the external field effectively generates an emergent Lorentz force on the "magnetic monopoles" and creates a TTHE in the system. The dual Hamiltonian for the "magnetic monopoles", that captures this effect, is given as
where the first line describes the hopping of the "magnetic monopoles" on the dual diamond lattice and minimally couples to the dual dynamical U(1) gauge field, and the second line is the Maxwell term of the U(1) gauge field. The external magnetic field modifies the dual U(1) gauge flux in the above equation and generates the TTHE for the "magnetic monopoles". The detailed description is explained in Sec. III.
Thermal Hall effect has been measured and detected in the pyrochlore ice materials Tb 2 Ti 2 O 7 25 and Yb 2 Ti 2 O 7 26 . In Tb 2 Ti 2 O 7 , the Tb 3+ ion carries a nonKramers doublet 19 , although the crystal field gap is relatively small among the rare-earth pyrochlore magnets. In Yb 2 Ti 2 O 7 , the Yb 3+ ion carries a Kramers doublet. In this paper, we first deliver our theory with the nonKramers doublets for the pyrochlore ice U(1) QSL and then explain the extension to the Kramers doublets. Although we start with the spin ice manifold, our results do not rely on the proximity of the spin ice configuration. As long as the pyrochlore U(1) QSL is realized, our results would be applicable, regardless whether the system is close or not close to the spin ice manifold.
The remaining parts of the paper are organized as follows. In Sec. II, we construct the dual lattice gauge theory for the pyrochlore U(1) QSL and introduce the "magnetic monopole" degrees of freedom into the formulation. In Sec. III, we present the induction of dual U(1) gauge flux through the Zeeman coupling. The thermal Hall current for the "magnetic monopoles" under a temperature gradient is analyzed in Sec. IV A . In Sec. IV B, we calculate the "monnopole band dispersion from the mean-field monopole Hamiltonian with an induced dual U(1) gauge flux. In Sec. IV C the temperature dependence of the thermal Hall conductivity is calculated. We compare our results with other QSLs in Sec. V and give a detailed discussion about the expectation for different pyrochlore magnets. The details of calculation and derivation are presented in Appendices. [27] [28] [29] for the Z2 topological order in 2+1D and is also known as "m" particle in Kitaev's toric code model 30 .
II. "MAGNETIC MONOPOLES' FROM DUAL LATTICE GAUGE THEORY
There are two microscopic and realistic spin models to realize the pyrochlore U(1) QSL 22, 31, 32 . Due to the spinorbit entangled nature of the relevant rare-earth ion, the spin models are highly anisotropic. . Both these two models have a XXZ model limit. Since the XXZ model on a pyrochlore lattice supports a pyrochlore quantum ice U(1) QSL 18 , from the stability of this phase it is expected that, this pyrochlore ice U(1) QSL would generically occur for these general spin models. Although theoretical approaches have been started from the Ising regime and applying degenerate perturbation theory 18 , the stability of the pyrochlore U(1) QSL goes beyond the perturbative Ising regime 21 . Therefore, we adopt a more inclusive notion of "pyrochlore U(1) QSL". For the convenience of the presentation, in this section, we first start from the ring exchange model that is obtained from the realistic spin model by the degenerate perturbation theory in the Ising limit. It will be a general discussion, and we do not need to specify whether the local moment is a Kramers doublet or non-Kramers doublet. We will carry out a duality transformation to make the "magnetic monopoles" explicit.
The pyrochlore U(1) QSL for the effective spin-1/2 moments can be accessed by a ring exchange model
where K is a renormalized energy scale for the lowenergy effective theory. Here the spin operators are τ
A z-direction is defined locally along the 111 -direction of each site. An elementary hexagonal ring " p " is formed by six neighboring sites i = 1, ..., 6 on the pyrochlore lattice, and the subindex "p" refers to the pyrochlore lattice. One can transform the ring exchange model into a compact U(1) lattice gauge theory (LGT) 18, 36 ,
by introducing a pair of lattice gauge fields, i.e. electric field E rr = τ z i + 1/2 and vector gauge potential e ±iA rr = τ ± i . These fields are defined on the nearestneighbor diamond links rr . The pyrochlore site i sits at the mid-point of the corresponding link rr . Two distinct sublattices r(∈ I), r (∈ II) reside at the centers of two corner sharing tetrahedra of the pyrochlore lattice. E rr (integer-valued) and A rr (2π-periodic) form a pair of conjugated fields satisfying [E rr , A r1r 1 ] = iδ rr1,r r 1 . The lattice curl is defined as summation over all bonds of a diamond hexagon curl A = rr ∈ d A rr . Here " d " refers to the elementary hexagon on the diamond lattice formed by the tetrahedral centers of the pyrochlore lattice. Additionally, an electric field stiffness U term is added, where r = +1 (−1), r ∈ I (II). In the large U limit, the Hilbert space of the LGT is properly casted back to the microscopic spin-1/2 local moment. In the low energy and long distance limit, the actual U is renormalized compared to the original lattice level.
"Magnetic monopole" is the topological defect of emergent U(1) gauge potential, and is the source and sink of the internal magnetic fields. Unlike the spinons that reside on the tetrahedral centers of the pyrochlore lattice (or the diamond lattice sites), the "magnetic monopoles" live on the dual diamond lattice. In the above electric field and gauge field representation, the "magnetic monopole" variable is not explicit. An electromagnetic duality transformation is performed on the LGT to expose this variable 18, 37 . Although this is covered in the literature extensively, some steps of the derivation are not mathematically explicit. We carry out the duality transformation in Appendices. A and B, in which special care has been taken for the diamond lattice structure. We present the result here,
where r, r represent dual diamond lattice sites as plotted in Fig. 2 . A rotor variable e ±iθr is proven to be the creation/annihilation operator of the "magnetic monopole" (see Appendix. B). We restore the bosonic nature of the "magnetic monopole" variable by introducing Φ r ≡ ρ r e iθr , where a unimodular condition |Φ r | = 1 is often imposed if one abandons the heavier amplitude fluctuations. We arrive at the dual Hamiltonian presented in Eq. (1). The dual theory describes the "magnetic monopole" Φ r hopping on the dual diamond lattice and minimally coupled to a dual U(1) gauge field. The dual U(1) gauge field a rr (real-valued) and magnetic field B rr (2π-periodic) are defined on the link rr of the dual diamond lattice. These dual fields are related to the field in original representation by,
where the dual hexagonal ring is labelled by * d . The dual lattice curl is defined as summation over all bonds of a dual hexagon. The definitions in Eq. (5) guarantee that the commutation relation is satisfied [B rr , a r1r 1 ] = iδ rr1,r r 1 . A background electric field E 0 rr is introduced in Eq. (5) to ensure the lattice curl of dual gauge field is divergenceless. Without loss of generality, we choose a particular 2-in-2-out spin-ice configuration for the background electric field, e.g. For future reference, we define another electric field composed of the background electric field and an offset field,
III. INDUCTION OF DUAL U(1) GAUGE FLUX BY ZEEMAN COUPLING
The pyrochlore U(1) QSL is in the deconfined phase of the 3+1D LGT. It supports both deconfined spinons and deconfined "magnetic monopoles", as well as the gapless U(1) gauge photon 18 (see Table. I). In the inelastic neutron scattering experiments, these would correspond to the continuous excitations in the spectrum. The content of the continuum is actually related to the nature of the local moments. This was elucidated in Refs. 7 and 37. The τ z -τ z correlation should contain both the (gapped) "magnetic monopole" continuum and the (gapless) gauge photon 37 . Moreover, the spectral structure of the continuum is tied to the symmetry fractionalization of the spinons and "magnetic monopoles" 7, 37, 38 . Although these results are quite useful, they are all consequences of the deconfinement and fractionalization, not the direct evidence of the matter-gauge coupling. To motivate this question, one can think about the case for electrons. The Coulomb interaction between the electrons is the consequence of the facts that the electron carries the U(1) gauge charge and the photon mediates the interaction through the electron-photon coupling. The electromagnetic coupling of the electrons can be revealed for example through the quantum oscillation of a metal in external magnetic fields. This is Landau level physics due to the orbital effect of magnetic fields. For our case, the "magnetic monopole" is coupled to the internal dual U(1) gauge field, and the "magnetic monopole" is bosonic and gapped. So there does not exist the usual quantum oscillation. Moreover, the internal U(1) gauge flux is not obviously tunable. Our key observation is that the external field could generate an internal dual U(1) gauge flux for the "magnetic monopoles". This is already pointed in Sec. I. In the following, we explain this point with non-Kramers doublets.
For non-Kramers doublets, only the local z component of the effective spin is odd under time reversal symmetry. The coupling to the external field is quite simple and is given as (8) where the first line is written with the microscopic spin language while the second line is expressed in terms of the emergent variables for the pyrochlore U(1) QSL phase. Here the link rr on the diamond lattice is identical to the pyrochlore lattice site i, andn defines the direction of the magnetic field. A weak Zeeman field polarizes the spins in each pyrochlore tetrahedron partially, and throughout we work in the weak field regime such that the U(1) QSL is preserved and deconfinement is maintained. Hence, the "magnetic monopole" representation in Eq. (1) remains to be a valid picture for the system.
The Zeeman coupling enters into the dual Hamiltonian Eq. (1) as a modification for the background electric field distribution,
We observe that the external field modifies the internal dual U(1) gauge flux and thereby generates an emergent Lorentz force on the "magnetic monopoles". The motion of the "magnetic monopoles" will be twisted by the induced dual gauge flux, giving rise to the TTHE of "magnetic monopoles". This would be a direct manifestation and unbiased signature of the emergent "monopole"-gauge coupling. This is somewhat analogous to the Lorentz force for the electron motion on the lattice, except that the Lorentz force here is emergent and arises from the induction of the internal dual U(1) gauge flux via the Zeeman coupling. The Zeeman coupling depends sensitively on the local crystal field axis. Thus, the induced dual U(1) gauge flux depends on the lattice geometry and the field orientation, i.e. curl a is related to the induced local magnetization τ z . Without the Zeeman field, the dual U(1) gauge flux is π for the elementary hexagon on the dual diamond lattice. The Zeeman coupling breaks the time reversal symmetry and shifts the dual U(1) gauge flux from π by a finite portion 2π curl a rr =π + 2π
where curl a rr represents a mean-field solution for the dual gauge flux. The parameter U is often unknown. Physically, the induced flux can be otained from the induced local magnetization that is given as,
and depends on the local spin susceptibility along the zdirection on each site. In the weak field limit, χ i should be uniform by definition and symmetry requirement. It is also a constant due to the strong spin-orbit coupling in the system. The above equations give us the relations between the induced dual U(1) flux and the physical magnetization.
With the mean-field solution of dual U(1) gauge flux in the presence of the Zeeman field, we write down a mean-field Hamiltonian for the "magnetic monopoles",
where a 0 rr represents a gauge choice for the dual U(1) gauge field. The dual gauge field is fixed at a particular mean-field solution, and its conjugate field, namely the internal magnetic field, is omitted. Therefore, the Hamiltonian in Eq. (12) describes the hopping of "magnetic monopoles" in the presence of a dual U(1) gauge field, whose fluctuation has been ignored.
IV. TOPOLOGICAL THERMAL HALL EFFECT
In previous sections, we have explained our ideas and the physical origin of the TTHE for the "magnetic monopoles". Here we further establish the theoretical framework to demonstrate the TTHE and make specific predictions for the experiments.
A. General framework
To extract information out of the twisted motion of the "magnetic monopoles", we perturb the system with a temperature gradient in the plane perpendicular to the external magnetic field. In the standard linear response theory, the small external perturbation appears in the Hamiltonian. The effect of the temperature gradient 39 . By coupling the Hamiltonian with a pseudogravitational potential ψ(r), they are able to incorporate the temperature gradient into a perturbed Hamiltonian
We start from the mean-field Hamiltonian in Eq. (12), and treat the dual diamond lattice structure carefully. The pseudo-gravitational potential ψ r couples with an energy density operator H r . The coupling is turned on for one type of the dual sites with
The energy density operator at a dual site r is defined as
where the summation is over four nearest neighbor dual sites r ∈ r, which are labelled in Fig. 2 . The chemical potential term is omitted in the energy density operator, since it has no contribution to the transport properties below. The energy density is not modified upon the addition of pseudo-gravitational potential, since four nearest neighbors necessarily belong to the type-II sites. We work through the lattice version of continuity equation for the energy density operator,
Working through the above continuity equation with the modified local Hamiltonian (1 + ψ r )H r , we obtain the modified energy current operator 40, 41 ,
where J
0,E rr
represents the original energy current, which has a form
Under the choice of a uniform potential gradient 40 , we have ψ r = r i · ∇ψ, where r i represents the position of a unit cell i. The dual lattice links constituting the unit cell i are labeled as rr ∈ i. The choice of this unit cell depends on the dual gauge fixing condition, which is specified in Sec. IV B. In terms of the unit cell coordinate r i , we rewrite the modified energy current operator as
where α, β = x, y, z. The energy density vector at the unit cell i is defined as,
The linear response of the pseudo-gravitational field enters into the energy current expectation value in a twofold way. Besides the contribution from the distribution function 42 , there is an additional contribution from the current operator. At the linear order in ∇ψ, we have
where ρ 0 is the equilibrium distribution function and ρ 1 is a first order perturbed distribution function. A statistical force from the temperature gradient is equivalent to a dynamical force induced by pseudo-gravitational potential. The dynamical force acts on the "magnetic monopole" affecting its motion. By counting all the contributions due to the temperature gradient at the first order, the thermal Hall coefficient is calculated and has an expression 41,43
where
, and Li 2 (x) is a polylogarithmic with n = 2, or the dilogarithm function. Here g( ) = [e /kBT − 1] −1 is the Bose distribution function. E n,k is the eigen-energy of the "monopole" Hamiltonian for the n-th band at the momentum space k-point. Here, the Berry curvature and Chern number for the n'th band are defined as,
where |u n,k is the periodic part of the Bloch wave function for the n'th band at k = (k x , k y , k z ). The formula indeed shows that the thermal Hall current is generated by the Berry curvature of the "monopole" bands. Due to the time reversal symmetry breaking in the presence of the gauge flux, we can have non-vanishing distribution of Berry curvatures, which gives rise to a finite thermal Hall coefficient. For our purpose, it is sufficient to consider the TTHE in the presence of the mean-field dual U(1) gauge flux. At the mean-field level, the dual U(1) gauge field is fixed by the background electric field, and the internal magnetic field is absent. The energy current in Eq. (17) is obtained by using the Hamiltonian in Eq. (12) . Beyond the meanfield solution, we find that the gauge fluctuations give the thermal current operator a correction. The expression and derivation of this additional contribution is presented in Appendix. C. The (gapless) gauge photon contributes directly to the thermal conductivity κ xx around the same energy scale as the "magnetic monopoles" except that it remains active down to the lowest energy/temperature and the contribution can directly come from the (fluctuating) Maxwell term. In addition, the spinons would contribute the thermal effect κ xx when the temperature is relatively high to activate spinons. In our current theoretical understanding, the "magnetic monopoles" are singled out to be responsible for the thermal Hall conductivity, and the TTHE in this work refers particularly to the "magnetic monopole" thermal Hall effect.
B. The modified "magnetic monopole" bands under the magnetic field
To demonstrate the TTHE for the "magnetic monopoles" in the pyrochlore U(1) QSL, we first evaluate the "magnetic monopole" band structure under the magnetic field. Generically speaking, when a generic magnetic field is applied, the "magnetic monopole" should develop a Hofstadter band structure as the induced flux is incommensurate. The corresponding continuum of "magnetic monopoles" in the τ z -τ z correlation is converted into the continuum from the Hofstadter band. It would be interesting to search for this evolution in the inelastic neutron scattering measurements.
We choose the external field to be aligned with one of the local z directions, e.g. e 1 = 111 withn = e 1 . In the weak field limit, one can use the symmetry of the lattice and obtain the local magnetic susceptibility where theē 1 -directions refer to the three local z-directions {e 0 , e 2 , e 3 } in a tetrahedron other than the e 1 -direction. To proceed with the mean-field Hamiltonian in Eq. (12) 
where a 0 rr represents a gauge choice for the dual U(1) gauge field. The gauge fixing condition on the 3D dual diamond lattice is illustrated in Fig. 3(a) . The red arrow on the dual links indicates that a "magnetic monopole" picks up a phase φ = 2π/3 while hopping along the pointed direction, i.e.,
where the monopole charge is assumed to be unit q m = 1.
With this gauge configuration, we define a magnetic unit cell consisting of six distinct dual diamond sites. A 3D super-lattice is defined by a new set of primitive vectors a ν , ν = 1, 2, 3 with
This is a commensurate case one can work out from Eq. (23). The "magnetic monopole" mean-field Hamiltonian is given by, 
where k ν ≡ k · a ν , ν = 1, 2, 3. The hopping part of the Hamiltonian has a particle-hole symmetry with respect to exchanging I and II sublattice sites of the dual diamond lattice. H hop (k) can be transformed to a form,
The energy spectrum of H hop (k) comes with positivenegative pairs. A chemical potential to remedy the negative energy situation is given by µ < µ c ≡ −t(3 + √ 3)/2 so that the "magnetic monopole" remains gapped.
With the gauge choice in Eq. (24), gauge fields are non-vanishing at the links locating within a "horizontal plane". The horizontal plane refers to a quasi-2D plane perpendicular to the Zeeman fieldn-direction. Dual lattice hexagons form a honeycomb-like structure in this quasi-2D plane as illustrated in Fig. 1 . A projected view of the lattice in the horizontal plane is illustrated in Fig. 3(b) . With an initial temperature gradient imposed within this horizontal plane, the "monopole" current is expected to be twisted as demonstrated in Fig. 1 . It is convenient to regard the 3D system as stacking of horizontal planes, where the thermal Hall effect takes place. Henceforth, we use a rotated frame (see Appendix. D), where the (x, y)-plane corresponds to the horizontal plane. The three hole bands are plotted with perpendicular momenta at the Brillouin zone center k z = 0 and the boundary k z = 3π/4 (see Fig. 4 ).
C. Topological thermal Hall effect of "magnetic monopoles"
With the above setup and preparation, we here carry out the calculation for the TTHE of "magnetic monopoles"and show its temperature dependence. First, we evaluate the Berry curvatures for the "monopole" bands. We plot the Berry curvatures of the lowest "magnetic monopole" band in the k x -k y plane with two different k z values in Fig. 5 . They show opposite signs of Berry curvatures. The corresponding Chern numbers are C 1 (k z = 0) = 2 and C 1 (k z = 3π/4) = −1. There exists band gap closing points for the lowest band at k c z ∈ (0, 3π/4), crossing which the Chern number changes.
Here k z = 0 and k z = 3π/4 are the two representative points for these two regions with distinct Chern numbers.
We calculate the thermal Hall coefficient using "monopole" bands in Eq. (26) . The temperature dependence of the thermal Hall coefficient κ xy /T is depicted in Fig. 6 . With increasing temperatures, κ xy (T )/T grows from zero, then, shows a non-monotonic behavior. Eventually, κ xy (T )/T drops to zero in the high temperature limit. The trend of this curve can be understood from Eq. (21), which consists of a product of the Berry curvature and a function c 2 . The function c 2 (g) is a monotonically increasing function of the occupation g( ), which has a minimum value c 2 = 0 at g = 0 and saturates to a maximum value π 2 /3 in the limit g → +∞. It is observed that the region represented by k z = 3π/4 dominates in the summation of κ xy , so that we solely focus on contribution from bands in this region. In the zero temperature limit, all bands are unoccupied, so that the thermal Hall coefficient vanishes. As temperature increases, the lowest band starts to have a finite occupancy, giving rise to the increase of κ xy (T )/T . If we further increase the temperature, higher bands, with opposite sign of Berry curvature, are activated, which explains the drop of the curve. Eventually, all bands are equally populated in the high temperature limit (although at very high temperatures the "magnetic monopole" and U(1) QSL break down). The κ xy (T )/T is proportional to the total Chern number, which has a vanishing value. Alternatively, one can vary the chemical potential while keeping temperature fixed as shown in the inset of Fig. 6 . The thermal Hall coefficient decreases along with the chemical potential. The chemical potential shifts all bands into a higher energy regime. The occupation of all bands becomes smaller, which is responsible for the decrease in κ xy (T )/T . The TTHE is related to the Berry curvature of "magnetic monopole" bands that arise from the induced dual U(1) gauge flux. Under generic magnetic fields, the flux is incommensurate, and diagonalizing the monopole Hamiltonian in presence of arbitrary gauge flux constitutes a 3D Hofstadter problem 37, 44 . The incommensurability merely brings some calculational obstacle, but our formalism should be readily extended over there and the calculation can be performed numerically. Furthermore, we have considered a semiclassical version of the "monopole" thermal Hall effect under generic magnetic fields and develop a continuous theory for this effect 45 .
V. DISCUSSION
A. Comparison with other U(1) QSLs in both weak and strong Mott regimes
To provide an illuminating discussion of the implication and underlying insights of our results, we first make a comparison between our current theory for the pyrochlore U(1) QSL and other U(1) QSLs. Thermal Hall effect was suggested for the spinon Fermi surface U(1) QSLs in the weak Mott regime. This effect is actually quite natural in the weak Mott regime 42, 46 . Over there, the spinons are not far away from the physical electrons due to the weak Mott gap and strong charge fluctuations. Physically, this can be understood as the entering of the external gauge flux into the four-spin ring exchange interaction 46, 47 . From the gauge theory description, the internal U(1) gauge flux is locked to the external U(1) gauge flux through the strong charge fluctuations, such that the spinon motion is twisted by the induced internal U(1) gauge flux. Similar ideas have been extended to the mixed valence compounds where the Fermi surface of neutral particles has been proposed 48 , although the thermal Hall measurement in SmB 6 or YbB 12 gives a zero result 49 . For strong Mott insulators, the charge gap is large and the charge fluctuation is strongly suppressed. This induction of the internal U(1) gauge flux via strong charge fluctuations does not apply to the strong Mott regimes.
In the U(1) QSLs in the strong Mott regime, different physical mechanisms are needed to understand the large thermal Hall effect. For the U(1) QSLs whose gauge flux is related to the scalar spin chirality (S i × S j ) · S k , we pointed out that, the combination of the DzyaloshinskiiMoriya interaction and a simple Zeeman coupling could generate an internal U(1) gauge flux, and thus twist the motion of the spinons 17 . This mechanism does not depend on the choices of the (bosonic) Schwinger spinons for or the (fermionic) Abrikosov spinons. The (fermionic) Abrikosov spinons describe more QSL states in 2D. The bosonic Schwinger spinon does not work for U(1) QSLs in 2D due to the confinement issue from the instanton effect. So for the Schwinger spinon description, this mechanism would only apply to the 3D U(1) QSL. In contrast, this mechanism broadly applies to the U(1) QSLs with the fermionic spinon description.
For the pyrochlore U(1) QSL that is also in the strong Mott regime, the relation of the internal variable and the physical variable is much simpler than the one described in the previous paragraph. So the linear Zeeman coupling already induces an internal dual U(1) gauge flux and twist the motion of the "magnetic monopoles".
In general, for the QSLs with a continuous gauge theory description, one key to resolve the mechanism for the thermal Hall effect is to understand the physical manifestation of the internal gauge flux and then the role of the external probes. This is related to the relation between the microscopic degrees of freedom and the emergent degrees of freedom in the lattice gauge theory formulation.
B. Comparison with Z2 QSLs
For Z 2 QSLs, the above mechanism does not apply because the internal gauge flux is gapped and discrete and cannot be changed in a continuous manner. An example would be the Z 2 QSL from the Balents-Fisher-Girvin model 50 . Although the Z 2 vison experiences a dual background π flux and the S z -S z dynamical correlation has a spectral periodicity enhancement, a small magnetic field cannot modify this background flux continuously. Likewise, the spinons experience a background 0 flux, and the magnetic field cannot change this flux continuously. Thus the mechanism in the previous subsection neither applies to the spinon nor to the vison. In Z 2 QSLs, instead, it is the non-trivial band structure of matter field that directly contributes to the thermal Hall conductivity. A representative example would be the Kitaev model at the isotropic point where the spinons develop a gapless Dirac-type majorana ferminon band structure 51 . When the magnetic field is applied to the system, the field generates a mass gap for the majorana fermions and creates a topological spinon band structure with a non-trivial Chern number. This is the origin of the thermal Hall effect for Kitaev QSL.
Another studied case 52 are gapped Z 2 QSLs with the Schwinger boson description. The Dzyaloshinskii-Moriya interaction and the Zeeman coupling together breaks the time reversal symmetry and inversion symmetry. It was suggested that, using the Schwinger boson construction, the Dzyaloshinskii-Moriya interaction and the Zeeman coupling together generates a non-trivial Berry curvature distribution for the (gapped) bosonic spinon bands. At finite temperatures, the spinon bands are populated thermally, contributing to the thermal Hall conductivity.
C. Materials' survey
The pyrochlore U(1) QSLs have been proposed for several rare-earth pyrochlore magnets. Here we give a detailed discussion about the potential thermal Hall conductivity in some key representatives.
We start with the non-Kramers doublets. , and inelastic neutron scattering measurement has been performed on the Pr-based family 34, 56, 57 . The continuous spectrum has been obtained experimentally. It was proposed that, the inelastic neutron scattering results for the non-Kramers doublets would contain the continuum of the "magnetic monopoles" from the duality arguments 37 . Other theory from the crystal field disorders of the non-Kramers doublets interpreted the excitation continuum differently 56 . Nevertheless, both Tb-based and Pr-based rare-earth pyrochlores can be good candidates for the pyrochlore U(1) QSLs. We expect a non-trivial thermal Hall effect to be established in these candidate materials.
The well-known Yb 2 Ti 2 O 7 58-63 is now under debate 32 . Here the Yb 3+ ion is a Kramers ion and differs from the non-Kramers Pr 3+ ion. The major debate is whether the system is proximate to the spin ice configuration or not. The actual low-temperature phase depends sensitively on the preparation of the samples. For the physical point of view, it does not matter strongly whether the system is proximate to the spin ice or not proximate to spin ice. The pyrochlore U(1) QSL can persist beyond the perturbative spin ice regime. A more sensible question would be whether Yb 2 Ti 2 O 7 is proximate to the pyrochlore U(1) QSL rather than proximate to the (perturbative) spin ice manifold. If the system is proximate to the pyrochlore U(1) QSL, then TTHE of "magnetic monopoles" could be relevant and may even persist to the weak ordered regime, despite the fact that the Zeeman coupling involves the transverse spin components. Recently Ce 2 Zr 2 O 7 , Ce 2 Sn 2 O 7 , and Ce 2 Hf 2 O 7 have been realized and proposed as QSLs 8, 9 . The Ce 3+ ion is also a Kramers ion of the dipole-octupole type, but differs from the Yb 3+ ion. Each state of the ground state doublet of the Ce 3+ ion is a one-dimensional irreducible representation of the D 3d point group, while the two states of the Yb 3+ ion comprise a two-dimensional irreducible representation. It was suggested that, two distinct symmetry enriched U(1) QSLs, i.e., dipolar U(1) QSL and octupolar U(1) QSL, can be stabilized by studying the generic model for dipole-octupole doublets. The dipolar U(1) QSL is identical to the one obtained for the non-Kramers doublets and the usual Kramers doublets. Since the external magnetic field primarily couples to the dipolar component at the linear level, if the dipolar U(1) QSL is stabilized, then we expect the TTHE of "magnetic monopoles". On the other hand, if the octupolar U(1) QSL is stabilized, the external magnetic field would modify the spinon band structure but would not change the dual U(1) flux for the "magnetic monopoles", so we do not expect the TTHE for the "magnetic monopoles".
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Appendix A: Duality transformation
Start from the ring exchange Hamiltonian in Eq. (2), we rewrite in terms of a particle number n i (integervalued) and a conjugated phase φ i ,
which satisfy the commutation relation
Moreover, τ z i takes the eigenvalue of ±1/2. To ensure the Hilbert space is not enlarged, we add a constrain term
2 with a strength U . The particle number takes values n i = 0, 1, and, we obtain a Hamiltonian
(A3) Now, we transform to the electric field and gauge field, which are defined on the diamond lattice, (see Fig. 2 )
where the pyrochlore site i sits in the middle of the link rr . r = +1(−1) for diamond lattice type-I(II). Thus, the variables are anti-symmetric G r r = −G rr , G = A, E. And, the commutation relation follows from Eq. (A2)
We fix the branch-cut for the 2π-periodic variable as A rr ∈ [−π, +π), so that a lattice curl of this variable remains non-vanishing,
where the original diamond hexagon d(rr ) is labelled by the dual diamond link rr that penetrates the hexagon. The phase terms in Eq. (A3) is expressed in an elegant way,
which has been presented in Eq. (3) as a lattice gauge theory. And, the corresponding action reads,
Along this line of derivation, we should keep track of a "2-in-2-out" configuration of the spins in a pyrochlore tetrahedra,
where pyrochlore sites i belong to the tetrahedra labelled by its center r-site. As a result, the electric field is imposed with a constraint divE(r) ≡ r ∈r
where the summation defines a lattice divergence, and r ∈ r refers to the four nearest neighbor original site of a given original site r. Next, we transform the LGT to a dual theory by defining
where a magnetic field a rr (2π-periodic) and dual gauge field B rr (integer-valued). The curl of the dual gauge field is related to the electric field, therefore the z-component spin. It is valid for a gauge invariant quantity to represent a physical one. Since the dual gauge field is integervalued, we expect no divergence for its lattice curve. On the other hand, as dictated in Eq. (A10), the electric field has a non-vanishing divergence. A background electric field is introduced to ensure the divergencelessness of the dual gauge field. We pick a particular configuration within the 2-in-2-out spin ice manifold,
The dual lattice gauge theory is written as,
(A13) where the background electric field is defined in Eq. (7). The corresponding action follows from Eq. (A8)
(A14) where a 0 rr is the vector potential responsible for the electric field E 0 rr = curla 0 rr . And, in the second equality we have exchanged the sequence of the summation over original and dual lattices,
The divergence of the magnetic field is non-zero by definition divB r ≡div · curlA(r)
The "magnetic monopole" number operator is defined as the topological defect of this magnetic field,
which takes integer values. The commutation relation between the dual variables can be derived from Eq. (A5),
so that, we have
Particularly, we can make a convenient choice
which we have used in and below Eq. (5). Finally, we note that the two dual variables are anti-symmetric with respect to exchanging the lattice sites. This fact follows from the definitions in Eq. (A4) and Eq. (A11). So far, we have derived the dual gauge theory. The commutation relation of variables is properly kept along the way. And, we have identified the "magnetic monopole" number operator, however, a conjugated phase operator of the "magnetic monopole" is missing in the present formulation. Moreover, the dual gauge field is a discretized variable, which is cumbersome to deal with in terms of standard field theory methods. Fortunately, during the process of "softening" the dual gauge field, we can introduce the phase operator of the "magnetic monopole" in a natural way. And, we are able to establish a commutation relation between the introduced phase variable and the "magnetic monopole" number operator.
Appendix B: "Variable-soften" procedure
The model describes a confinement-deconfinement phase transition due to the discreteness of the dual gauge field. Otherwise, the partition function is basically a trivial Gaussian model. Let's consider the dual gauge field part of the partition function,
where we have the used the Poisson's resummation rule to leverage the discreteness of a rr ,
We can further transform the expression
by manipulating the two summations involved,
Importantly, the dual gauge field is anti-symmetric, i.e. a r r = −a rr . The curl of the auxiliary field curl p rr is antisymmetric as well, so the summation in Eq. (B4) gives non-vanishing result. Moreover, this curl is divergentless, since p rr is an integer-valued variable. The divergentless and anti-symmetric properties can be made explicit in the path integral formulation, 
Following the series of transformation and perform a Villain approximation, we end up with the dual theory in Eq. (1) . The
cond : divB(r) = 2πN r (B9) where a parameter t is added as a chemical potential term for the M rr . So far, we have resolve the discreteness issue of the dual gauge field by introducing a phase field θ r . At the moment, the physical meaning of this variable is not clear, namely, the commutation relation with the other variables are not given. (B11) where G(Λ) = e i r Λr(divBr−2πNr) is regarded as a gauge fixing generator 65 , which can be transformed in the similar way as in Eq. (B7),
This function generates a gauge transformation for functions involving the dual gauge field and the phase variable,
=S dual a rr + (Λ r − Λ r ), θ r + 2πΛ r , B rr (B13) under the condition that the following commutation relation is satisfied,
[θ r , N r ] = iδ r,r
The transformed action is equivalent to the original one by absorbing the field Λ r , we have (B15) where the action is intact after applying the gauge generator obeying the commutation rule in Eq. (B14). Therefore, the variable θ admits a physical meaning of the conjugated phase of the magnetic monopole. e iθ (e −iθ ) is the creation(annihilation) operator for the magnetic monopole.
Conclusively, we finish the task of softening the dual gauge field in the dual theory, meanwhile, introducing the magnetic monopole phase variable. We emphasize on the peculiar definition of curl and divergence in the diamond lattice structure, and the anti-symmetric property of the link variables. 
Collecting terms from the two terms, we end up with an expression which involves the gauge fields in addition to the contribution from the matter field ("magnetic monopole"). And, there is no matter-gauge coupling in the expression of the current, since the two sets of variables commute with each other. Combining the meanfield solution in Eq. (17) and this gauge field solution, we arrive at a total thermal Hall current operator, 
The reciprocal Wigner-Seitz Brillouin zone (BZ) is spanned by b ν (ν = 1, 2, 3),
(1, 1, 0), 1, 3) ,
A rotated frame is set by aligning the z-direction with the external field direction, and fix the y-direction along one of the reciprocal vector. Namely, we havê 
The plane spanned by (x m ,ŷ m ) is dubbed as a "horizontal plane", since it is perpendicular to the external Zeeman field. Henceforth, we adapt this rotated frame. The reciprocal basis vectors are written as,
We define an "extended BZ" (EBZ) spanned by the following basis vectors,
The volume of the EBZ is three times larger than the original BZ, hence, the summation of quantities over the EBZ is enlarged by an unimportant factor.
The basis vectors in the horizontal plane are,
These basis vectors form a EBZ with hexagonal shape, which can be adjusted to a rectangular shape covering the same amount of area in the momentum space. Combining with the mutually perpendicular B 3 , we have
The EBZ spanned by above basis vectors is cuboid, instead of the BZ with irregular shape in Eq. (D5). This definition make it convenient for the summation in Eq. (21), The EBZ is also used in the plot of Berry curvatures in Fig. 5 , and the calculation of Chern number in Eq. (22) . The usage of EBZ is purely for purpose of numerical calculation, so that we do not distinguish between EBZ and the original BZ in the main text.
